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Buckling of a Long Cylindrical Shell Containing an Elastic Core

G. HERRMANN* AND M. J. FORRESTALT
Northwestern Unawersity, Evanston, Il

A long, thin, circular cylindrical shell containing an elastic core, bonded to the inner sur-
face of the shell, is subjected to a uniform external hydrostatic pressure. Stability of equilib-
rium of the shell is investigated by considering possible neighboring equilibrium states.
The loading exerted by the elastic core on the shell in the deformed state is found by solving
an associated boundary value problem of the linearized theory of elasticity in the presence of
initial stresses. An expression for the buckling pressure of the shell is derived, and results
are presented for a wide range of shell and medium parameters.

Nomenclature

shell radius

a
D = Eh3/12(1 — »?) shell flexural modulus

[T

E E. Young’s modulus for shell and core,
respectively
E; = unit elongation of line element origin-

ally in j direction

Ep = Eh/(1 — »?) shell compressional modulus

Il

fo, fr tangential and radial components of
boundary traction taken in unde-
formed position per unit original
area

AFg, AF, = circumferential and radial components

of change caused by deformation
of shell surface tractions per unit
original area
AFg, AF, = circumferential and radial components
of change caused by deformation of
initial uniform pressure on shell sur-
faces
Fet, F,° = additional shear and normal compon-
ents of stress at shell-core interface
induced by shell displacements
dimensionless parameters defined by
Eq. (13)

G H, L, M,R,S

It

h = sghell thickness

k,, ke = unit vectors tangent to undeformed
coordinate lines

k', ky’ = unit vectors tangent to deformed co-
ordinate lines

Amg= -h/2AFg = increment of moment corresponding
to AFg, measured positive clockwise

n = buckling mode number

N = circumferential shell stress resultant

P = critical pressure of long, thin, circular

cylindrical shell containing solid,
elastic core

p’ = pressure exerted by core on shell in its
undeformed position

Do = critical pressure of long, thin, circular
cylindrical shell subjected to uniform
hydrostatic pressure

r, 0 = g¢ylindrical coordinates

ug, Ur = tangential and radial displacements in

elastic core
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v, w = tangential and radial displacement
components of middle surface of
shell measured positive clockwise
and radially outward, respectively

= dimensionless parameter defined by

o =
Eq. (18)

A = dilatation in linear theory of elasticity

8i; = Kronecker’s delta

A, m = Lamé elastic constants

v, vc = Poisson’s ratio for shell and core,
respectively

i = Trefftz components of stress per unit.
original area

i = additional stresses in elastic core in-
duced by shell displacements

Tif = components of stress per unit original
area shown in Fig. 2

13 = rotation in linear theory of elasticity

1. Introduction

LONG, thin, circular cylindrical shell containing a solid,

elastic core, Fig. 1, bonded to the inner surface of the shell,
is subjected to a uniform hydrostatic pressure. Stability of
equilibrium of the shell is investigated by examining possible
adjacent equilibrium states. The buckling load is then de-
fined as the smallest load that admits a nonaxially symmetric
neighboring equilibrium configuration for a cylindrical shell,
which initially has a perfectly circular cross section. The
initial equilibrium state for the shell is defined by the middle
surface coordinate r = @, the applied hydrostatic pressure p
on the outer shell surface, and the uniform reaction
from the core p’. Since the shell displacements as-
sociated with the initial surface pressures are neglec-
ted in most applications (e.g., see Ref. 1), the position of
initial equilibrium will be called the undeformed position.
The adjacent equilibrium state will be called the position of
final equilibrium or the deformed position.

For a solid core, the contained elastic medium is initially
in equilibrium under an isotropie, homogeneous state of stress
given by the pressure p’. (Only solid cores are considered
in this paper, but the methods presented may be extended to
hollow cores.) If, however, the applied hydrostatic pressure
p is the critical pressure, an adjacent equilibrium position of
the shell exists and is defined by the tangential and radijal
middle surface shell displacements. Because the shell and
core are in contact, the shell displacements induce additional
surface tractions and produce changes in the initial surface
pressure at the shell-core interface. The resulting dis-
tributed force system on the inner shell surface in its de-
formed position is determined from the linearized theory for
an elastic body under initial stress. These surface tractions
are then related to the shell displacements, and the shell
equations presented by Armendkas and Herrmann? are used
to derive an expression for the critical hydrostatic pressure.
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This expression contains the elastic material constants of
the shell and core, the radius-to-thickness ratio of the shell,
and the buckling mode number.

The buckling of a long cylindrical shell inclosing an elastic
medium was investigated previously by Seide and Wein-
garten.® That analysis used the linear theory of elasticity
to determine the reaction from the core and neglected shear
stresses at the shell-core interface. Sinee the linear theory
neglects changes in the geometry of a deformed elastic ele-
ment, the initial surface tractions from the core act as a
constant-directional pressure (e.g., see Ref. 4). However,
the present analysis shows that, for high values of Poisson’s
ratio of the core, these initial surface tractions act as a
hydrostatic pressure.

2. Shell Equations

Several linearized theories of motion for elastic, circular
cylindrical shells subjected to a general state of initial stress
have been advanced by Herrmann and Armendkas’® In
Ref. 2, these equations were applied to study the effect of
several particular states of initial stress on the dynamie re-
sponse of an infinitely long shell, i.e., the motion was inde-
pendent of the axial coordinate. For a thin shell of radius a
and thickness 4, subjected to an initial state of uniform lateral
pressure, the equations in Ref. 2 for equilibrium reduce to

o% ow
(B, + N) 50 Nv 4+ (E, 4 2N) 50 + a?AFy = 0 (la)
. ov o*w
(B, + 2N)a~0+Epw+N<w——aez>+
D oW | dtw ) _

where E, is the shell compressional modulus, D is the shell
flexural modulus, N is the initial uniform ecircumferential
stress resultant, and v, w are the circumferential and radial
middle surface displacements, measured positive clockwise
and radially outward, respectively. The terms AFy, AF,
are the circumferential and radial components of the change
caused by deformation of the shell surface traction, taken
per unit undeformed middle surface area, and Amy is the
increment of moment corresponding to AFp, measured posi-
tive clockwise. In the notation of Ref. 5,

AFy = AFgi + Fg* AF. = AF,i 4+ Fe
Amg=-h/2AF,

The quantities AFg?, AF, consist of the changes related to the
initial uniform pressure on the outer shell surface and the
initial surface tractions from the core, whereas Fg®, F,o are
the additional shear and normal components of stress at the
shell-core interface directly induced by the shell displace-
ments.

Fig. 1. Cross section of shell containing an elastic core.

BUCKLING OF A LONG CYLINDRICAL SHELL 1711

e

rdg

. a)undeformed element
Fig.2. Componentsof
stress per unit original

1
area. k .

|1

(|+E,)d[

s

I+E9)rd9

8
Ter
T %s
L
b} deformed element

For the solution presented in Ref. 8, the changes caused by
deformation of the initial surface tractions exerted by the
elastic core on the shell were neglected. In the present analy-
sis, the values of AFy!, AF, are unknown a priori and are
determined by solving an appropriate boundary value prob-
lem for the elastic core. Thus, AFy, AF, will depend on the
conditions at the shell-medium interface and the elastic
constants of the core.

3. Equations of Elastic Core

The linearized equations for an elastic medium in the
presence of initial stress are developed from the nonlinear
theory of elasticity. Equilibrium equations and boundary
conditions for the nonlinear theory, referred to a cylindrical
coordinate system, can be obtained from the principle of
virtual displacements, as was done by Novozhilov® with
reference to a Cartesian system. For a state of plane strain
the stress equilibrium equations are

2
mr<1+au,+ au,>+am,<r+ %>_

or " o or =
(2 ) 2 (2 9)
20, (2,% - aa_% * ag;g (061; - “") +
o0 (142) 2o e
oo (24 20) 4222 20

Lot | 20u _w) | dow (|, w10
U90<r602+7"60 r>+36 <1+r+;5§>+

2,
20, (1 + _aa% + a—“”) 4 Q00 0us

orof o6 or
bo,g bug _
5 <r+u,+ ae) =0 (2b)

where ug, u, are the displacement components, and o;; are
the Trefftz components of stress which form a symmetric
tensor. The physical significance of the Trefftz components
of stress becomes apparent by considering a deformed elastic
element, such as that shown in Fig. 2b. If the force vector
acting on the surface of a deformed element is resolved into
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nonorthogonal components parallel to the unit vectors
k,’, ko', the stress components 7;; are defined as these force
components divided by the face area before deformation.
The Trefftz components of stress are then related to the
matrix 7.; by

oy = 7i;,/(1 + E))

where E; is the unit elongation of a line element originally
in the j direction.

The components of traction on the surface r = a, 1., fo, taken
parallel to the unit vectors k,, kg (Fig. 2a) and per unit unde-
formed surface area, are related to the Trefftz components of
stress by

aur 1 aur
fr=<1+ar>0”+—a‘<aa—uo> g9 atr = a (33)

1 Quy

bug _
abﬂ) Ur9+E:0-rr atr =a (3b)

fo = <1 + 2
a

Equations (2) and (3) now can be used to establish a set
of linearized equations for an elastic body under high initial
stresses subject to small additional disturbances. It is first
assumed that the general deformed configuration is reached
from an unstressed and unstrained state by passing through
an intermediate equilibrium state, the state of initial stress.
For a solid core, the elastic medium is in initial equilibrium
under an isotropic, homogeneous state of stress given by the
pressure p’. The deformations associated with the initial
pressure p’ then are neglected, and the medium is allowed to
reach its final equilibrium position by assuming small devia-
tions from the position of initial equilibrium. This final
equilibrium state is defined by the additional displacements
Uy, Ug, which produce small strains and rotations, and the
stresses oy; = —p’8i; + oy¢  The linearized equilibrium
equations are obtained by substituting ¢; = —p’éy; +
o;¢ into Egs. (2) and neglecting all of the products of the
additional stresses o;;* and displacement gradients but retain-
ing all of the products of the initial pressure p’ and displace-
ment gradients. Thus, the linearized equilibrium equations
are

90, | 1004° | 0,° — 0p0°
or r Of r

’ Dﬂ, lal’ ¥ Q_B_ug 1_62% =0 (4a)
ot L ror  rr r208 | rzof2/)
1 Oogs® 2 A0
r Of on" or
(e | 10w w2 0w 1 0% _
<br2 r or r2 " r2of  r? 602> =0 (b

Since the additional strains and rotations are small as com-
pared to unity, it is assumed that the differences between the
initial and final stresses are related to the additional strains
in accordance with Hooke’s law for an isotropie, elastic solid.
Guided by the work by Biot,” the differences between the
initial pressure and the Trefftz components of stress o;; are
taken to be proportional to the additional strains, i.e., oy°
are taken proportional to the additional strains. Then, using
the stress-displacement relations for small strains and rota-
tions (e.g., see Ref. 8), the linearized equilibrium equations
in terms of displacements may be written in the form

(N + 2p — pH(04/0r) — 2(u — p")(1/r)(dw/00) = 0 (5a)
A+ 2p — p)(1/1)(04/00) + 2(n — p")(Quw/0r) = 0 (5b)

where A\, u are the Lamé constants, A is the dilatation, and
o is the rotation. Thus, the initial pressure p’ merely has
the effect of modifying the elastic constants; this also is
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pointed out in Ref. 9. Furthermore, since p’ is usually much
less than the values of \, u, the equilibrium equations govern-
ing the classical linear theory of elasticity can be employed
to calculate the additional stresses and displacements.

The linearized tractions on the surface r = ¢ are

fr=—[L+ Qu/onlp’ + o atr=a  (6a)
fo = —(Qug/Or)p’ + o.4¢  atr=a  (6b)

As discussed in Sec. 2, AFy, AF, are defined as the circum-
ferential and radial components of the change caused by
deformation of the shell surface tractions, taken per unit
undeformed surface area. Thus, Eqgs. (6), together with the
values of the changes caused by deformation for a hydrostatic
pressure p recorded in Ref. 2, give

d >
AFF‘%(”‘a‘Z)*ffP’—W atr=a (Ta)
p {ov h O%w
AF, = — 2 (% _row
a <ao+w 2aa02>+
ar
azj P — one atr=a (7b)

As will be shown, the changes of the initial shell surface
tractions from the core can be related to the middle surface
shell displacements, and the shell equilibrium equations (1)
can then be used to formulate the buckling condition.

4. Shell Surface Tractions at Shell-Core
Interface

It has been shown in the previous section that, for the case
of an elastic body subject to an initial state of isotropic, homo-
geneous stress, the linear theory of elasticity can be employed
to determine the additional stresses and displacements. The
shell is assumed to be bonded to the elastic core, and the
middle surface shell displacements are taken as

v = V sinnd (8a)
w = W cosnf (8b)
Then the boundary conditions for the medium are
ug = V sinnd — (nh/20)W sinnf at r = a (92)
U = W cosnf atr = a (9b)

where the second ferm in Eq. (9a) represents the tangential
displacement at the inner surface of the shell caused by the
rotation of the shell elements.

Values of the additional stresses and displacements now
are calculated from the field equations of classical elasticity
for plane strain and the boundary conditions given by Egs.
(9). Following the procedure outlined in Ref. 10, the stress
funetion

¢ = (Cyr» 4 Cornt2) cosnb n > 2 (10)
where (i, C: are arbitrary constants, yields the following
additional stresses and derivatives of the displacements at
r=q:

E, cosnd nh
Ot = m I:HW -G (V ~ 2% W)] (11a)

E. sinn@ nh
gt = — m [GW — H <V ~ 3 W>] (11b)
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7 J _n_h 7
S RW 5<V 5 w)] (12a)

Qug _ sinnf |:LW + M <V - ;iz Wﬂ (12b)

or a

The terms H, G, L, M, B, S in Egs. (11) and (12) are the
following dimensionless quantities:

~2(l = v — (1 — 20) ]

B = )6 = |
G_n(l——Zw)—Q(l—Vc) |
T 04 )8 — 4w '
|
_n+ 40 —v) ) Al —w) + 14 13
L= 3 — 4w, M= 3 — 4y, |l (13)
201 = 20) — 1 n =201 = 2)
B = 3 — 4, 8= 3— 4. |

Then, Eqs. (7) become

AF9={—§ V+nW]+%|:LW—i—M<V—
nh W>:| + E. [GW —H (V _ nh W>:]} sinng  (14a)
2a a 2a
AF,—{~£ nV + <1+"ih>w]+ﬁ [RW—
a | 2a a

s(v-2w)]-Eaw (v -2 W)]} cosn
%a a 2a

(14b)

Am,,:—%{%[V+nWJ+%[LW+M<V—

nh W>j| + E. l:GW — H <V _ W):I} sinnd  (l4e¢)
2a a 2a

Fquations (14) give the changes in the surface tractions,
caused by deformation in terms of the shell displacements,
and the material constants of the medium.

5. Stability Cendition

A formula for the critical pressure p now can be obtained
from the shell equilibrium equations (1) and the expressions
for AFg, AF,, Amg given by Eqs. (14). Substitution of Egs.
(8) and (14) into Eqgs. (1) yields

[(n*+ 1)N + n2E, + pa — p'aM + aE.H]V
[+ nE, + 20 N + pan — ap’ L — aE.G X
(nh/2a)(p'aM — oEH)IW =0 (15a)
[nE, + 2n N + pan + p’aS — E.oG + (nh/2a)(pan +
p'aM — E. Ha)|V {+E, + (n? + DN + (D/a?)(n? —
12+ pall + (»%/2a)] — p’a R + E.aH +
(nh/2a)[pan + p'a(l, — 8) — p'a M(nh/2a) +
2E. a0 G + E.aH(nh/2a)]} W = 0 (15b)

The circumferential stress resultant N is given by
N=—(p—pa (16)

where p’ is the pressure transmitted to the core. By equat-
ing the radial displacements of the shell and core at the posi-
tion of initial equilibrium, p’ may be written in terms of geo-
metrical and material properties of the shell and core and
the external hydrostatic pressure p. A routine calculation -
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gives
p=pa/(1 + @ a7

where

L= »YA + v)( = 20) JE/E)a/h)  (18)

[43

Equations (15) are linear homogeneous expressions, and the
determinant of the coefficients of V, W must vanish for a non-
trivial solution. Setting this determinant equal to zero,
using Eqs. (16) and (17) to eliminate N and p’, and combin~
ing the parameters defined by Eq. (13) yield

:|2(n n? — 1)in + 2a) + « <7—LZL>2 X
2a

dn(l — »,) + 1] nh

[ P
po(1 + @)
n?+1— 2a)|: 3 _ — %, {n@n‘z + 1)+

2n an®+n — 2) —a?n + 2) + a{l — a) X
n+ 40 — v.) o4 —») +1
I: 3 — 4y, ]+4na|: 3 — 4v. :I})_

[m](et <%>2{n2(n2 — 1)+ a? — 20 — 1) +

dn ol — v) + 208 a(l — 2v) — a(n? — 1)
3 — 4y, B

2 <ﬂ>{(2n2 “Dl+ e +2ma—a <2 + ’;—ZL> %

7

dn(l = v) + 1 =12

[ 3 — 4n, ]}+ 3 [”‘“Jr
n all —v) + «

E, 3

zn‘(l——vc)—}‘a E. _22_2
[<1+»E><3—4»c>]+2” 7 ¢ ”(h) %

L P 2l — ) — (1 = 20,)
[<2a>(" P 4”“][ T+ 73 — 400 ]+

% a-— v2)<%)2(2n2 —3a—1) X

n(l — 2v) — 2(1 — v,) 4 (a)? 2702 2
[ L+ B = ) D+(§ <T> mt =Dt

E. Y XA 2n(1 — vo) + (A — 20)
z 4 ”)<h> (n 1)[ (14 2)(3 — 40 }F

A e~ 1 _,,z& a\[2n(l —w) — (1 = 20)
g (U )E<h>[ I+ )3 — 4v) }+

E, anf O 2712 n—1
[4E(1_V)(h>:|[(1+vc)(3‘4vc):|+
DB (@Y 2 =) — (1= 2
Bt )<h>{2a[ 1+ 203 — 40) }“L

2(n? — 1)(1 — 2») ) o
(A + v)(3 — 4v.) h

2n

16

n>2 (19)

where pp is the buckling pressure of the shell without an
elastic core and is given by

po = [E/4(L — v*)}(h/a)®

Substitution of a practical range of values into the quadratic
equation (19) indicates that one root is much smaller than
the other. Thus, the smaller root may be obtained with
sufficient accuracy by neglecting the quadratic term in Eq.
(19). A further simplification is achieved by noting that,
throughout a practical range of parameters, several terms
are so small as to be negligible in applications. A simple
and acecurate expression for the critical pressure of the shell
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n>2 20)

then is given by
nt Ee . o fa)]2n( - ve) + (1 — 2v)(1 + n2h/a)
I D s (7)1 A+ v)B — 4 ]
po(l + @) nt+ a+ [2na(l — 2v) — «]/(3 — 4v.)

The critical pressure is seen to depend on the mode number
n, and for each application, the mode number associated with
the minimum value of p/po must be determined.

6. Approximate Formulation

In Sec. 3, the changes caused by deformation of the shell
surface tractions exerted by the core were calculated from the
linearized theory of elasticity. It was shown that changes
of the initial surface tractions exerted by the core depend on
Poisson’s ratio for the core and the mode number, e.g., see
Egs. (13) and (14). An approximate formulation consists in
specifying that the initial surface tractions from the core
act as a hydrostatic pressure and in neglecting shear stresses

at the shell-core interface and the Amg term in Eq. (1b).

Thus
AFy = ~[(p — p))/alle — @u/0)] (21a)
AF, = —[(p — p')/al{(®/00) + w] — ow®

atr =a (21b)

where the changes caused by deformation for a hydrostatic
pressure are recorded in Ref. 2.

The value of ¢,.* may be calculated from the stress funetion
¢ given by Eq. (10) and the boundary conditions

u, = Weosnfatr = a (22a)
ge* =0atr =a (22b)
10°
10% 7
/
=103
E/Ec- 10
10%
P
pO
E, =10%
/€210
102 £
E/=103
%, L
a |Bucklin \AogaNumberg
w =10°|E/=10% [E/= 10
h E/ECIO /Eclo 4
10 50 2 3 8
100] 3 7 15
250 ¢ I: 37
500 36 74
75024 5 ]
100032 69 | 14€
2 [ TT1H
50 100 a 1000
h

Fig. 3. Critical pressure vs radiusfto-thickness ratio for

v = 0.3, v, = 045,

Following the procedure outlined in Ref. 10, the additional
radial stress is

B E, (n> — 1)W cosnd

Tal + )20~ v) — (1 — )]

Or® atr = a

(23)

Substitution of Eqgs. (21) and (23) into the shell equilibrium
equations (1) and using the assumed shell displacements lead
to

D ont=1
po(l + o) 3

4(1 _ VZ) ) Ec a \3
A+ v)2n(l —w) — (1 — 2p)] (E)(g) n>2 (24)

Critical pressures predicted by this approximate formula are
extremely accurate for high values of Poisson’s ratio of the
elastic core. A wide range of shell and medium parameters
are investigated in the next section for », > 0.45, and for all
of the cases considered, the differences between the critical
pressures and mode numbers predicted by the approximate
and exact formulation were negligible. The approximate
formula (24) is, however, not accurate for low values of
Poisson’s ratio.

The excellent accuracy given by the approximate formula
(24) for high values of ». may be explained by examining Eq.
(20). For v, = 0.5, the elastic core is incompressible, and the
values of o become infinite, but for values of v, slightly less
than 4, « remains finite. If, in Eq. (20), « is artificially held
finite, and ». is set equal to 5, Eqgs. (20) and (24) are identical.

+

—Linearized Theory
----Linear Theory
1000

AN E/EC= 104

100 \

olo

RN )
S E/Ec- 10
\\\
)
o 1073 5x10~3

(0.50~ v, )

Fig. 4. Critical pressure vs Poisson’s ratio for a/h = 100,
v = 0.30.
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Thus, for an elastic core with a high value of Poisson’s ratio,
e.g., v. > 0.45, shear stresses at the interface are negligible,
i.e., the magnitude of o.* is not large enough to influence
the buekling pressure of the shell.

7. Numerical Examples

Values of the critical pressure and mode number were
calculated for @/h ranging from 50 to 1000, E/E, = 105
104, 108 and ». = 0.45. These results are presented in Fig.
3. It was assumed in the analysis that the shell buckled
elastically. To insure that the yield stress of the shell mate-
rial has not been exceeded, the hoop stress corresponding to
the buckling pressure must be calculated. The hoop stress
is given by

o = [pE/4(1 — »)po(l + &) }(h/a)*

For steel shells and an elastic core with properties E/E. =
105, », = 0.45, the hoop stress is ¢ = 8250 psi for a/h = 100,
and o = 8650 psi for a/A = 1000. If the Young’s modulus
for the medium is increased to E/E, = 103 o = 188,000
for a/h = 100 and a/h = 1000.

In Fig. 4, values of the critical pressure for /A = 100 and
E/E. = 10° 10* are given for 0.495 < ». < 0.4999. These
results are also compared with those obtained by caleulating
the core reaction with the linear theory, as was done in Ref.
3. No results could be directly compared with those in
Ref. 3 because the value of ». for a state of plane strain and a
solid elastic core were not specified. However, without
eiving a value for »., the following results are tabulated in
Ret. 3:

p/pe = 52.5 for E/E, = 10° a/h = 100
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p/po = 485 for E/E. = 10* a/h = 100

Thus, Fig. 4 demonstrates that, for », > 0.499, it is necessary
to determine the changes caused by deformation of the
initial surface tractions exerted by the core.
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